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INTRODUCTION
In this article we study the global solvability of a class of involutive systems of real vector fields on the torus ‫ޔ‬ nq 1 , at the level of p-forms, p s 0, . . . , n y 1.
The vector fields are of the form L s Ѩ q a t Ѩ , j s 1, . . . , n Ž .
where a g C ‫ޔ‬ ; ‫ޒ‬ , and we assume that Ѩ a rѨ t s Ѩ a rѨ t , j, k s 
w x
When a is an exact form this result is contained in 3 ; we only assume Ž .
n that a is closed and real . When p s n y 1 and ‫ޔ‬ is replaced by a compact, connected, orientable real analytic manifold M M, our result is w x contained in 2 . When n s 1 our result is a consequence of results w x obtained in 4 . We recall that the study of local solvability for this type of w x system was begun in 5 .
The exactness of the complex generated by n where g H ‫ރ‬ , . / 0 is crucial for the construction of solutions; the formula for u in terms of f, where n u s f, contains a denominator involving some of the components of ; this provokes the appearance of small denominators Ž . diophantine conditions .
Our circle; the angular variables are denoted by t , . . . , t g ‫ޔ‬ and x g S .
is spanned by dt , J s p; we are using the
where the coefficients u are distributions in ‫ޔ‬ n = S 1 .
, we consider the Fourier series
Similarly, we consider the Fourier expansions in the x variable u s u t, j e i j x .
Ž .
Ý jg‫ޚ‬
For p s 0, 1, . . . , n y 1 we define
a a by the expression
where d is the exterior derivative in ‫ޔ‬ and a t is a real, closed 1-form
Our goal is to find conditions for the global solvability of
is sought. There are natural compatibility conditions on f for a solution u to exist. We now move on to looking for them.
Ž . 1 ϱ Ž n . Since a t g H C ‫ޔ‬ and a is real we may write
It is easy to check that this definition is equivalent to the same definition taking the constant C s 1.
For the analogous definition in the case of 1-form we have:
ii a is rational if there exists q g ‫ގ‬ such that qa is an integral 1-form.
Ž .
iii a is Liouville if a is not rational and there exists a sequence of Ä 4 closed, integral 1-forms a and a sequence of integers q G 2 such that
By choosing 1-cycles , . . . , such that their homological classes form 
one has the following result: 
Ž . It is easy to check that the condition iii in Proposition 1.2 is equivalent to the following condition:
␣ is Liou¨ille if and only if I ␣ f ‫ޑ‬ and there are p
Recalling that a s a q dA, one can check that 0 a is integral resp. rational, Liouville, non-Liouville if and only if Ž .
½ the same is true of a .
n Indeed, we write a s Ý a dt and set ␣ s a , . . . , a g ‫ޒ‬ . Thus 
In the next lemma we will make use of the universal covering of ‫ޔ‬ n , ⌸: Ž . We will now prove 1.2 . By using x-Fourier series we may write Ž . i j x u s Ý u t, j e and we see that 
1
Now, since , e , . . . , e is a basis of H V we obtain g s 0. Thus,
and therefore
Ž . is a solution of 2.1 .
From here it is easy to complete the proof. 
Ž .
a 0 we must solve
Since a is not rational ja is integral if and only if j s 0; also Ž .
Since f g ‫ޅ‬ we also have ‫ތ‬ pq 1 f s 0 and therefore 
where C is a constant ) 0.
1
Since a is non-Liouville, there exist constants C ) 0 and L ) 0 such
Thus, for each L g ‫ގ‬ there exists C ) 0 such that For the proof in this case it will be convenient for us to split the action of ‫ތ‬ p into certain subspaces, as follows: 
Ž . Ž . therefore g t, j is exact for all j g ‫,ޚ‬ which implies g k, j s 0 whenk s 0, for all j g ‫.ޚ‬
Ž . Thus we may choose¨0, j s 0, for all j g ‫.ޚ‬ For k / 0, lemma 2.1 Ž .
n guarantees the existence and asymptotic behavior of¨k, j , k g ‫ޚ‬ , ϱ Ž n 1 p, 0 . j g ‫.ޚ‬ The corresponding¨belongs to C ‫ޔ‬ = S ; H and is a solution of d¨s g. 
